Abstract. There is in the literature a lot of determinant formulae involving the relative class number of an imaginary abelian field. Usually such a formula contains a factor which is equal to zero for many fields and so it gives no information about the class number of these fields. The aim of this paper is to show a way of obtaining most of these formulae in a unique fashion, namely by means of the Stickelberger ideal. Moreover some new and non-vanishing formulae are derived by a modification of Ramachandra's construction of independent cyclotomic units. §1. Introduction 
where C is the set of all positive integers less than m/2 which are relatively prime to m. The same result was obtained independently by Wang (see [29] ) whose formula contains the class number only implicitly.
An interesting paper on Maillet's determinant was also written by Okada ([19] ) who observed the connection between Maillet's determinant (1) and the Stickelberger ideal of the p-th cyclotomic field. He also generalized Maillet's determinant for an odd prime p in a different direction: taking any system of representatives C of (Z/pZ) × /{1, −1} he proved that det R p (rs 
where the sum is taken over the set of all odd Dirichlet characters modulo p, B 1,χ means the first generalized Bernoulli number, and c χ = a∈C χ(a). Comparing with (2) we obtain A {1,...,(p−1)/2} = −3, which follows also directly from [19, Proposition 1 ] .
A connection between Maillet's determinant and the Stickelberger ideal of an odd prime power cyclotomic field was studied by Fuchs in [5] .
A generalization of the Maillet's determinant to any imaginary abelian field K was introduced by Girstmair (see [8] ). It is easy to see that his result can be equivalently stated as follows. Let m be the conductor of K; for any automorphism σ ∈ Gal(K/Q) put
det(E στ −1 ) σ,τ ∈C = (−2m)
where h − K , Q K , and w K are the relative class number of K, the Hasse unit index of K, and the number of roots of unity in K, respectively, [K + : Q] is the degree of the maximal real subfield K + of K, and q K can be easily described by means of odd Dirichlet characters corresponding to K (see Notation).
Maillet's determinant was modified by Endô (see [4] ), who for an odd prime p introduced the matrix (R p (ab −1 )) a,b∈{1,...,(p−1)/2} , where R p (ab −1 ) means the integer satisfying R p (ab −1 )b ≡ a (mod p) and −p/2 < R p (ab −1 ) < p/2. Endô computed determinants of products of this matrix with some other matrices (see [4, Theorem 1] ). The determinant of this matrix was computed by Kanemitsu and Kuzumaki (see [14] ):
Another matrix connected with the relative class number of imaginary abelian fields is the Demjanenko matrix. For a positive integer m and any integer a let
In [10] Hazama obtained for any odd prime p the following formula
where F 2,Kp is a constant depending on the decomposition of 2 in the pth cyclotomic field (see Notation). The relationship between Demjanenko 170 R. KUČERA matrix and the Stickelberger ideal of the p-th cyclotomic field was described by Skula in [25] and [26] . Later on Girstmair in [7] , Schwarz in [21] , Sands and Schwarz in [20] , and Dohmae in [3] generalized the formula (9) to an imaginary subfield of p-th cyclotomic field with a prime p ≡ 3 (mod 4), to an odd prime power cyclotomic field, to an imaginary field with an odd prime power conductor, and to an imaginary field with an odd conductor, respectively.
Finally in 1996 the notion of Demjanenko matrix was generalized to any imaginary abelian field K by Hirabayashi (see [12] ). We can rephrase his result as follows. Let m be the conductor of K; for any automorphism σ ∈ Gal(K/Q) put
where j in the sum runs over the same set as in (5) . Let C be a system of representatives of Gal(K/Q)/ Gal(K/K + ). Then Hirabayashi proved that
where e K , F 2,K , q K can be easily described by means of odd Dirichlet characters corresponding to K (see Notation).
Recently Tsumura and Hirabayashi independently discovered formulae generalizating both Maillet's and Demjanenko determinants (see [28] and [13] ). Although their formulae look different, it can be shown (see Section 6 of this text) that in fact Tsumura's formula is a special case of Hirabayashi's one.
It is easy to show that Hirabayashi's formula can be read as follows. Let K be an imaginary abelian field of conductor m, let b be an integer which is not divisible by m. For any automorphism σ ∈ Gal(K/Q) put
where the sum is taken over the same set as in (5) and [x] = x − x means the integral part of a rational number x. Hirabayashi proved that
where c K (b) can be described by means of odd Dirichlet characters corresponding to K (see Notation). It is a straightforward calculation to show that taking b = m + 1 we obtain (6) and putting b = 2 we arrive at (11) .
Let us mention that the determinant (13) There is another determinant connected with the relative class number of an imaginary abelian field which can be found in the literature. Let p > q be odd primes and let M be the set of all positive integers a < pq relatively prime to pq.
Hazama in [11] proved that
where
In the rest of this paper we show a way of obtaining all the above mentioned formulae in a unique fashion (see Theorem 1 in Section 4). Moreover some new non-vanishing formulae are derived (e.g., see Example 4 in Section 4). §2. Notation Z, Q, and C means the integers, the rational numbers, and the complex numbers, respectively. K m denotes the m-th cyclotomic field (for any positive integer m ≡ 2 (mod 4)).
By an abelian field we have in mind a finite abelian extension of Q. For any imaginary abelian field K we define m the conductor of K; [K : Q] the degree of K; h − K the relative class number of K (i.e., the quotient of the class number of K by the class number of its maximal real subfield K + ); Q K the Hasse unit index of K (i.e., the index of the subgroup generated by all real units of K and by all roots of unity in K in the full group of units of K);
w K the number of roots of unity in K; X the group of all Dirichlet characters corresponding to K, (all characters are supposed to be primitive); X − = {χ ∈ X ; χ(−1) = −1} the set of all odd Dirichlet characters corresponding to K;
for any rational prime p we introduce: e p (K) the ramification index of p in K; f p (K) the residue class degree of p in K; g p (K) the number of primes in K dividing p;
, the second equality can be obtained by a standard technique (see [17, Lemma 6] or [30, Theorem 3.7] );
, where the second product is taken over all rational primes dividing m; by the mentioned technique one can show that q K = 0 if there is a prime p|m satisfying g p (K) = 2g p (K + ) and q K = 2 n otherwise, where n is the sum of all g p (K) such that p|m and e p (K) = e p (K + ); 
where ϕ means the Euler ϕ-function. §3. Stickelberger ideal
In this section we shall define the Stickelberger ideal of an abelian field following Sinnott (see [23] ) and derive some basic facts which will prove useful in the next section.
For any abelian field
is the additive homomorphism which maps any σ ∈ G L to the sum of all automorphisms of M whose restriction to L is σ.
For any abelian field M and any character χ of G M we also denote by χ the associated Dirichlet character and by ρ χ M the ring homomorphism ρ
We say that a Dirichlet character corresponds to M if it is associated to a character of G M . Recall that all Dirichlet characters are supposed to be primitive. Proof. Follows directly from the definitions. Lemma 2. Let K be an imaginary abelian field, let j ∈ G K be the complex conjugation, and let C be a system of representatives of
where X − is the set of all odd Dirichlet characters corresponding to K.
Proof. For any τ ∈ G K we have
The lemma follows from Lemma 1.2(b) in [23] . (Alternatively, the orthogonal idempotents
The matrix of the linear transformation given by the multiplication by θ with respect to this basis is the diagonal matrix diag(ρ
For any positive integer n let K n be the n-th cyclotomic field. Following Sinnott, let us define for any integer a the element
here the sum is taken over a reduced residue system modulo n, x is the fractional part of a real number x and (t, K n ) ∈ G Kn is the automorphism sending any root of unity to its t-th power. Let K be an abelian field. For any positive integer n and any integer a let
Lemma 3. Let n be a positive integer, let a be an integer relatively prime to n and let χ be a non-trivial Dirichlet character whose conductor divides n. Then
where B 1,χ means the first generalized Bernoulli number.
Proof. We have
Let f χ be the conductor of χ. The well-known distribution relations give
(e.g., see [9] or [22] ) and the lemma follows.
Lemma 4. Let K be an imaginary abelian field, let χ be an odd Dirichlet character corresponding to K, f χ being its conductor. For any positive integer n and any integer a we have
Proof. Follows from the definition of θ n (a) and Lemma 1.
§4. Determinants obtained by means of the Stickelberger ideal
For any imaginary abelian field K and any integer t relatively prime to the conductor m of K, let (t, K) be the automorphism given by the Artin map, i.e., (t, K) is the restriction to K of the automorphism of the m-th cyclotomic field K m which sends each root of unity to its t-th power. Theorem 1. Let K be an imaginary abelian field of conductor m and let G = Gal(K/Q) be its Galois group. Let a n,σ be rational numbers for any divisor n > 1 of m and any σ ∈ G. We put
for any σ ∈ G, where the second sum is taken over a reduced residue system modulo m. Let j ∈ G be the complex conjugation. Then for any system C of representatives of G/{1, j}, we have
where h − K , Q K , and w K are the relative class number of K, the Hasse unit index of K, and the number of roots of unity in K, respectively, X − is the 176 R. KUČERA set of all odd primitive Dirichlet characters corresponding to K, f χ is the conductor of χ, and
Proof. For any divisor n > 1 of m, let us denote
where KK n means the compositum of these two fields. We put
Then we have (e.g., see [16, Lemma 14] )
and Lemma 3 implies
The theorem follows using the analytic class number formula
(e.g., see [30, Theorem 4.17] ). Now we can choose any rational numbers a n,σ and obtain a determinant formula for the relative class number. As examples we will show how to obtain the formulae mentioned in the introduction. We will keep the assumption that K is an imaginary abelian field of conductor m. Example 1. Let b be an integer which is not divisible by m. We put m = m/(m, b), b = b/(m, b) and we choose and fix some b which is relatively prime to m and satisfies b ≡ b (mod m ). For any divisor n > 1 of m and any σ ∈ G we define a n,σ = a n,σ + a n,σ , where a n,σ = −b if n = m and σ = (1, K), 0 otherwise, a n,σ = 1 if n = m and σ = (b , K), 0 otherwise.
The definition in Theorem 1 gives
which is (12) . An easy straightforward calculation gives that 
2 Let us notice that this determinant was computed by Kanemitsu and Kuzumaki but their formula seems to be valid only for cyclotomic fields of an odd conductor (see [ and so
Therefore (16) will be satisfied if we put a n,σ = −1 if n = m and σ = 1 + 
There is χ ∈ X such that χ 1 + 
Remark. Let us mention the obvious fact that the determinant (17) is not zero if and only if the Q[G]-module generated by θ equals (1 − j) 
Having θ ∈ S this condition means that all conjugates of θ generate a subideal of finite index in the "minus part" of the Stickelberger ideal
. Therefore we can obtain a non-vanishing determinant formula for the relative class number just taking such an element of the Stickelberger ideal (or a rational multiple of this element). An element of this kind has been used by Lettl to explain the analogy between Girstmair's cotangent numbers and the Stickelberger ideal (see [6] and [17] ). The nonvanishing class number formula given by this element is computed in the following example. mod m {1,. ..,s}\{i} ). For any divisor n > 1 of m and any σ ∈ G we define (i / ∈ I means i ∈ {1, . . . , s} \ I)
Then (16) gives (an empty product equals 1)
(see Notation). Let us suppose that m is square-free (i.e., K is not wildly ramified). Then the formula for t σ can be simplified as follows
It is easy to see that if s > 1 then t σ + 1 2 is an integer and
Finally, let us consider the case of cyclotomic field K m , where m = pq and p > q are primes. Then we have t σ = ±1/2. Let us fix an integer d such that d ≡ p (mod q) and d ≡ −q (mod p). For any integer a relatively prime to m we have
Since t (ad,K) = ±1/2 and 
(see (15) ). Hence t (ad,K) = H a,1 − 1 2 and we obtain Hazama's formula (14) by means of the permutation of the rows of the matrix. Then (16) gives
and Theorem 1 states
For example, if we take c 1 = · · · = c s = 0 then we obtain (6). If we put
where n is the number of primes of K + dividing m which splits in K/K + . §5. Adding a constant
We have covered all formulae mentioned in the introduction with the exception of (2) and (3). These determinants can be obtained by adding a constant to all entries of the determinant computed by Theorem 1.
In this section we keep the notation of the previous section and we still assume that K is an imaginary abelian field, G = Gal(K/Q), j ∈ G is the complex conjugation, C a fixed system of representatives of G/{1, j}. Moreover we have chosen rational numbers a n,σ which give t σ and b n,χ by means of (16) and (18), respectively, and θ = σ∈G t σ σ −1 . We define the polynomial
This section is devoted to the computation of D(x). Of course we know D(0) which was determined by Theorem 1. First we need an easy lemma.
Lemma 5. Let δ ij means the Kronecker delta. We have
for any complex numbers a 1 , . . . , a n .
Proof. Is given by induction with respect to n. Let us denote r n (a 1 , a 2 , . . . , a n ) = det(x + δ ij a i ) i,j∈{1,...,n} . If n > 1 then after subtracting the first row from the last one, Laplace development with respect to the last row gives r n (a 1 , a 2 , . . . , a n ) = a 1 r n−1 (0, a 2 , . . . , a n−1 ) + a n r n−1 (a 1 , a 2 , . . . , a n−1 ) and the lemma follows.
In particular, if D(0) = 0 then the previous formula can be simplified as follows
Because t jσ = −t σ and χ is odd we obtain
and δ χ,ψ = 1 if χ = ψ and 0 otherwise. Let
and Lemma 5 gives
For θ = σ∈G t σ σ −1 we have
(see the proof of Theorem 1) and the proposition follows.
Remark. It is easy to see that Proposition 1 is a generalization of Okada's result (3): for an odd prime p take K = K p and a p,σ = −p if σ = (1, K) and 0 otherwise. The following proposition is a generalization of Okada's Proposition (see [19] ). Proof. Due to Lemma 6 we have δ σ = 2t (k,K)σ for any σ ∈ Gal(K/Q), where t σ is defined by (12) (take b = l). Therefore ∆(K, l) = (δ ρτ −1 ) ρ,τ ∈C = (2t (k,K)ρτ −1 ) ρ,τ ∈C = (p ρσ ) ρ,σ∈C (2t στ −1 ) σ,τ ∈C , where (p ρσ ) ρ,σ∈C is a permutation matrix given by
We need the sign of the determinant of (p ρσ ) ρ,σ∈C . Multiplying by the character matrix, which is well known to be non-singular, gives (p ρσ ) ρ,σ∈C (χ(σ)) σ∈C,χ∈X − = (χ(ρ)) ρ∈C,χ∈X − diag(χ(k)) χ∈X − and so det(p ρσ ) ρ,σ∈C = χ∈X − χ(k). Then (13) gives det ∆(K, l) = (−2)
and (20) follows by a straightforward calculation.
